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ON SPACES OF COMMUTING ELEMENTS IN LIE GROUPS
FREDERICK R. COHEN AND MENTOR STAFA
with an appendix by vic reiner
Abstract. The main purpose of this paper is to introduce a method to “sta-
bilize” certain spaces of homomorphisms from finitely generated free abelian
groups to a Lie group G, namely Hom(Zn, G). We show that this stabilized
space of homomorphisms decomposes after suspending once with “summands”
which can be reassembled, in a sense to be made precise below, into the indi-
vidual spaces Hom(Zn, G) after suspending once. To prove this decomposition,
a stable decomposition of an equivariant function space is also developed. One
main result is that the topological space of all commuting elements in a com-
pact Lie group is homotopy equivalent to an equivariant function space after
inverting the order of the Weyl group. In addition, the homology of the sta-
bilized space admits a very simple description in terms of the tensor algebra
generated by the reduced homology of a maximal torus in favorable cases. The
stabilized space also allows the description of the additive reduced homology of
the individual spaces Hom(Zn, G), with the order of the Weyl group inverted.
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2 FREDERICK R. COHEN AND MENTOR STAFA
1. Introduction
In this paper we introduce a new method of “stabilizing” spaces of homo-
morphisms Hom(pi,G), where pi is a certain choice of finitely generated discrete
group and G is a compact and connected Lie group. The main results apply to
Hom(Zn, G), the space of all ordered n-tuples of pairwise commuting elements in a
compact Lie group G, by assembling these spaces into a single space for all n ≥ 0.
The resulting space, denoted Comm(G), is an infinite dimensional analogue of
a Stiefel manifold which can be regarded as the space, suitably topologized, of
all finite ordered sets of generators for all finitely generated abelian subgroups of
G. The methods are to develop the geometry and topology of the free associative
monoid generated by a maximal torus of G, and to “twist” this free monoid into
a space which approximates the space of “all commuting n-tuples” for all n into a
single space. Topological properties of Comm(G) are developed while the singular
homology of this space is computed with coefficients in the ring of integers with the
order of the Weyl group of G inverted. One application is that the cohomology of
Hom(Zn, G) follows from that of Comm(G) for any cohomology theory.
The space of all commuting elements is usually homotopy equivalent to the
equivariant function space G×NT J(T ) after inverting the order of the Weyl group,
where NT is the normalizer of a maximal torus T , and J(T ) is the free associative
monoid generated by the maximal torus.
The results for singular homology of Comm(G) are given in terms of the tensor
algebra generated by the reduced homology of a maximal torus. Applications to
classical Lie groups as well as exceptional Lie groups are given. A stable decompo-
sition of Comm(G) is also given here with a significantly finer stable decomposition
to be given in the sequel to this paper along with extensions of these constructions
to additional representation varieties.
An appendix by V. Reiner is included which uses the results here concerning
Comm(G) together with Molien’s theorem to give the Hilbert-Poincare´ series of
Comm(G).
The next section provides a detailed list of the results in this paper.
2. Summary of results
Let G be a Lie group and let pi be a finitely generated discrete group. The set of
homomorphisms Hom(pi,G) can be topologized with the subspace topology of Gm
where m is the number of generators of pi. The topology of the spaces Hom(pi,G)
has seen considerable recent development. For example, the case where pi is a
finitely generated abelian group is closely connected to work of E. Witten [29, 30]
which uses commuting pairs to construct quantum vacuum states in supersymmetric
Yang-Mills theory. Further work was done by V. Kac and A. Smilga [22].
Work of A. Borel, R. Friedman and J. Morgan [12] addressed the special cases
of commuting pairs and triples in compact Lie groups. Spaces of representations
were studied by W. Goldman [18], who investigated their connected components,
for pi the fundamental group of a closed oriented surface and G a finite cover of a
projective special linear group.
For non-negative integers n, let Hom(Zn, G) denote the set of homomorphisms
from a direct sum of n copies of Z to G. This set can be identified as the subset
of pairwise commuting n-tuples in Gn, so similarly it can be naturally topologized
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with the subspace topology in Gn. Spaces given by Hom(Zn, G) have been the
subject of substantial recent work.
In particular, A. A´dem and F. Cohen [2] first studied these spaces in general,
obtaining results for closed subgroups of GLn(C). Their work was followed by work
of T. Baird [9], who studied ordinary and equivariant cohomology, Baird–Jeffrey–
Selick [10], A´dem–Go´mez [6, 8, 7], A´dem–Cohen–Go´mez [3, 4], Sjerve–Torres-Giese
[27], A´dem–Cohen–Torres-Giese [5], Pettet–Suoto [26], Go´mez–Pettet–Suoto [19],
Okay [25]. Most of this work has been focused on the study of invariants such as
cohomology, K-theory, connected components, homotopy type and stable decom-
positions. Recently, D. Ramras and S. Lawton [23] used some of the above work to
study character varieties.
Let G be a reductive algebraic group and let K ⊆ G be a maximal compact
subgroup. A. Pettet and J. Souto [26] have shown that the inclusion Hom(Zn,K) ↪→
Hom(Zn, G) is a strong deformation retract, i.e. in particular the two spaces are
homotopy equivalent. Thus this article will restrict to compact and connected
Lie groups. Note that the free abelian group can also be replaced by any finitely
generated discrete group. Assume Γ is a finitely generated nilpotent group. Then
M. Bergeron [11] showed that the natural map
Hom(Γ,K)→ Hom(Γ, G)
is a homotopy equivalence. However, most of the results in this paper apply only
to the cases of free abelian groups of finite rank.
The varieties of pairwise commuting n-tuples can be assembled into a useful
single space which is roughly analogous to a Stiefel variety described as follows.
Recall that the Stiefel variety over a field k
Vk(n,m)
may be regarded as a topological space of ordered m-tuples of generators for every
m dimensional vector subspace of kn, see [20].
The purpose of this paper is to study an analogue of a Stiefel variety where kn is
replaced by a compact Lie group G, and the m-dimensional subspaces are replaced
by a particular family of subgroups such as
(1) all finitely generated subgroups with at most m generators which gives
rise to Hom(Fm, G), where Fm denotes the free group with a basis of m
elements, or
(2) all finitely generated abelian subgroups with at most m generators, which
gives rise to Hom(Zm, G).
The analogue of (1) where pi runs over all finitely generated subgroups of nilpo-
tence class at most q with at most k generators, or the analogue of (2) where pi runs
all finitely generated elementary abelian p-groups with at most k generators will
be addressed elsewhere. This article will focus mainly on properties of examples
(1) and (2) as well as how these spaces make contact with classical representation
theory.
Definition 2.1. Given a Lie group G together with a free group Fk on k generators,
the space of all homomorphisms Hom(Fk, G) is naturally homeomorphic to G
k with
the subspace Hom(Zk, G) topologized by the subspace topology. Define Assoc(G),
Comm(G), and Comm(q,G) by the following constructions.
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(1) Let
Assoc(G) =
⊔
0≤k<∞
Hom(Fk, G))/ ∼
where ∼ denotes the equivalence relation obtained by deleting the identity
element of G in any coordinate of Hom(Fk, G) for k ≥ 1 with Hom(F0, G) =
{1G} a single point by convention. In addition, Assoc(G) is given the usual
quotient topology obtained from the product topology on Hom(Fk, G) where
the relation is generated by requiring that
(g1, . . . , gn) ∼ (g1, . . . , ĝi, . . . , gn)
if gi = 1G ∈ G.
(2) Let
Comm(G) =
⊔
0≤k<∞
Hom(Zk, G))/ ∼
topologized as a subspace of Assoc(G), where ∼ is the same relation.
(3) Let
Comm(q,G) =
⊔
0≤k<∞
Hom(Fk/Γ
q(Fk), G))/ ∼
topologized as a subspace of Assoc(G), where ∼ is the same relation, and
Γq(Fk) denotes the q-th stage of the descending central series for Fk.
This article is a study of the properties of the space Hom(Zn, G), for certain
Lie groups and for all positive integers n assembled into a single space, and is an
exploration of properties of Comm(G) regarded as a subspace of Assoc(G). The
main reason for introducing the spaces Comm(G) is that (1) they have tractable,
natural properties which (2) descend to give tractable properties of the varieties
Hom(Zn, G) as addressed in this article.
Consider the free associative monoid generated by G denoted J(G), with the
identity element in G identified with the identity element in the free monoid J(G).
This last construction is also known as the the James construction or James re-
duced product developed in [21] (see also Definition 3.1). The first theorem is an
observation which provides an identification of Assoc(G) as well as a framework for
Comm(G); the proof is omitted as it is a natural inspection.
Theorem 2.2. Let G be a Lie group. The natural map
J(G)→ Assoc(G)
is a homeomorphism.
One application of the current paper is to give explicit features of the singular
cohomology or homology of Comm(G) for any compact and connected Lie group
G with the order of the Weyl group inverted. For example, one of the results
below gives that the cohomology of Comm(G) with the order of the Weyl group
inverted is the fixed points of the Weyl group W acting naturally on H∗(G/T ) ⊗
T∗[V ], where T∗[V ] denotes the dual of the tensor algebra T[V ] generated by the
reduced homology of a maximal torus. Furthermore, if ungraded singular homology
is considered, the total answer in singular homology is given explicitly in terms of
classical tensor algebras generated by the reduced homology of a maximal torus.
The singular homology groups of each individual space Hom(Zn, G) are then
formally given in terms of those of Comm(G) as described below. To give the
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explicit answers, a tighter hold on fixed points of the action of W on H∗(G/T ) ⊗
T∗[V ] is required. In particular, Molien’s theorem can be applied to work out the
fixed points in H∗(G/T ;C) ⊗ T∗[V ⊗Z C], the resulting cohomology groups with
complex coefficients C as given in the appendix.
In the ungraded setting, the homology groups obtained from classical repre-
sentation theory simplify greatly, and the ungraded answers follow directly. This
simplification is illustrated by the explicit answers for the cases of U(n), SU(n),
Sp(n), Spin(n), G2, F4, E6, E7, E8, reflecting the fact that these global computa-
tions for Comm(G) are both accessible, and are exhibiting natural combinatorics.
These specific answers are given in sections 10, and 11.
This information depends on the construction given next.
Definition 2.3. Given a Lie group G together with a maximal torus T ⊂ G, form
the free associative monoid generated by T , denoted J(T ) = Assoc(T ), where the
identity of T is identified with the identity of Assoc(T ). The normalizer of T in G,
denoted NT , acts on T , and by natural diagonal extension there is an action of NT
on Assoc(T ). The normalizer NT thus acts diagonally on the product G×Assoc(T ).
The orbit space
G×NT Assoc(T )
is useful in what follows next.
Definition 2.4. Given a Lie group G, define
E : G→ Comm(G)
by
E(g) = [g],
the natural equivalence class given by the image of g ∈ G = Hom(Z, G) in Comm(G).
Let
Comm(G)1G
denote the path-component of E(1G) ∈ Comm(G). Let
Hom(Zm, G)1G
denote the path-component of (1G, . . . , 1G) ∈ Hom(Zm, G).
The next Proposition follows at once from [2] and Definition 2.1.
Proposition 2.5. Let G be a Lie group. If every abelian subgroup of G is contained
in a maximal torus, then both Hom(Zn, G), and Comm(G) are path-connected.
Standard examples of Proposition 2.5 are U(n), SU(n), and Sp(n). On the other
hand if G = SO(n) for n > 2, then Comm(G) fails to be path-connected.
Namely, it follows from the work below that translates of Assoc(T ) in Assoc(G)
under the natural action of the Weyl group give a “good” approximation for the
space of all commuting n-tuples, Comm(G). This process is identifying commuting
n-tuples in terms of subspaces of Assoc(G). Furthermore, the space Comm(G) can
be regarded as the space of all ordered finite sets of generators for all finitely gen-
erated abelian subgroups of G modulo the single relation that the identity element
1G of G can be omitted in any set of generators.
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The next step is to see how Comm(G) relates to earlier classical constructions.
In particular, G ×NT Assoc(T ) maps naturally to Comm(G) and is an infinite
dimensional analogue of the natural map
θ : G×NT T → G
given by
θ(g, t) = gtg−1 = tg,
with more details given in Section 6.
Definition 2.6. Define
Θ : G×NT Assoc(T )→ Comm(G)
by the formula
Θ(g, (t1, . . . , tn)) = (t
g
1, . . . , t
g
n)
for all n.
The space Comm(G) is “roughly” the union of orbits of Assoc(T ) in Assoc(G)
as will be seen below. The next step is a direct observation with proof omitted.
Proposition 2.7. Let G be a compact connected Lie group with maximal torus T
and Weyl group W . The map
Θ : G×NT Assoc(T )→ Comm(G)
is well-defined and continuous. Furthermore, there is a commutative diagram
G×NT T θ−−−−→ G
1×E
y yE
G×NT Assoc(T ) Θ−−−−→ Comm(G)
1
y y⊆
G×NT Assoc(T ) Θ−−−−→ Assoc(G).
In addition, the map
Θ : G×NT Assoc(T )→ Comm(G)
factors through one path-component as Θ : G ×NT Assoc(T ) → Comm(G)1G , and
there is a commutative diagram for all n ≥ 0 given as follows:
G× Tm θm−−−−→ Hom(Zm, G)1Gy y
G×NT Assoc(T ) Θ−−−−→ Comm(G)1G .
A second useful naturality result concerning Comm(G) is satisfied for certain
morphisms of Lie groups which preserve a choice of maximal torus. The next
proposition is again an inspection of the definitions.
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Proposition 2.8. Let TH and TG be maximal tori of compact Lie groups H and
G, respectively. If a continuous homomorphism
f : H → G
is a morphism of Lie groups such that f(TH) ⊂ TG, then there is an induced
commutative diagram
H ×NTH Assoc(TH)
Θ−−−−→ Comm(H)
f×Assoc(f)
y yComm(f)
G×NTG Assoc(TG)
Θ−−−−→ Comm(G).
The next feature is that the spaces G×NTAssoc(T ), and Comm(G) admit stable
decompositions which are compatible as well as provide simple, direct computations.
Definition 2.9. Given a Lie group G, define
Sk(G) = S(Hom(Zk, G)) ⊂ Hom(Zk, G)
as those k-tuples for which at least one coordinate is equal to the identity element
1G ∈ G. Define
Ĥom(Zk, G) = Hom(Zk, G)/Sk(G).
Remark 1. Note that some of the theorems in this paper require that the inclusions
Sk(G) ↪→ Hom(Zk, G) are cofibrations. For this to be true it suffices to assume that
G is a closed subgroup of GLn(C) (see [2, Theorem 1.5]), and we assume this
implicitly whenever necessary.
In what follows, Σ(X) denotes the suspension of the pointed space X. The
following theorem was proven in [2]:
Theorem 2.10. Let G be a Lie group. Then there are homotopy equivalences
Σ(Ĥom(Zn, G)) ∨ Σ(Sn(G))→ Σ(Hom(Zn, G)),
and ∨
1≤j≤n
∨
(nj)
Σ(Ĥom(Zj , G))→ Σ(Hom(Zn, G)).
The first result concerning the suspension of Comm(G) is as follows.
Theorem 2.11. Let G be a Lie group. Then there is a homotopy equivalence
Σ(Comm(G))→
∨
n≥1
Σ(Ĥom(Zn, G)).
The spaces Ĥom(Zq, G) for 1 ≤ q ≤ n give all of the stable summands of
Hom(Zn, G), and so these spaces determine the homotopy type of the suspension of
Hom(Zn, G). Thus the space Comm(G) captures all of the stable structure of the
spaces Hom(Zn, G) in a “minimal” way by splitting into a wedge after suspending
of exactly one summand Ĥom(Zq, G) for each integer q. Namely, Comm(G) can be
regarded as “the smallest space” which is stably equivalent to a wedge of all of the
“fundamental summands” Ĥom(Zq, G).
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On the other hand, it is natural to ask how the“fundamental summands” are con-
nected with the previous construction G×NT Assoc(T ). Here recall the definition
of the q-fold smash product
T̂ q = T q/S(Hom(Zq, T )).
Theorem 2.12. Let G be a Lie group. Then there are homotopy equivalences
Σ(G×NT Assoc(T ))→ Σ
(
G/T ∨
( ∨
q≥1
G×NT T̂ q/(G/NT )
))
.
There is a natural extension of Comm(G) to all finitely generated nilpotent
subgroups of nilpotence class at most q. There is a space that assembles all the
spaces Hom(Fn/Γ
q, G) into a single space, denoted X(q,G) (with formal definition
stated in Definition 5.1), where Γq denotes the q-th stage of the descending central
series of Fj for all j.
Notice that the spaces X(q,G) give a filtration of J(G) with
Comm(G) = X(2, G) ⊂ X(3, G) ⊂ · · · ⊂ X(q,G) ⊂ · · · ⊂ J(G).
The spaces X(q,G) in the filtration also admit stable decompositions as in the case
of X(2, G); see Section 5.
Theorem 2.13. Let G be a compact, connected Lie group. Then there are homo-
topy equivalences
Σ(Hom(Fn/Γ
q, G))→
∨
1≤q≤n
(
∨
(nj)
Σ(Ĥom(Fj/Γ
q, G)),
and
Σ(X(q,G))→
∨
1≤j<∞
Σ(Ĥom(Fj/Γ
q, G)).
Remark 2. The above raises the question of identifying the stable wedge summands
of other spaces of homomorphisms, or spaces of representations. For example, these
methods also inform on the spaces of homomorphisms from a free group on n let-
ters modulo the stages of either the descending central series or mod-p descending
central series. It is currently unclear whether these spaces inform on representation
varieties associated to fundamental groups of Riemann surfaces, but it seems likely
that these methods will inform on representation varieties for braid groups. Further-
more, the space Comm(G) maps naturally by evaluation onto the space of closed,
finitely generated abelian subgroups of G topologized by the Chabauty topology as in
[14]. It is natural to ask whether this map is a fibration with fiber J(T ).
Theorem 2.12 is used to obtain the next result.
Theorem 2.14. Let G be a compact, simply-connected Lie group, and assume that
all spaces have been localized such that the order of the Weyl group has been inverted
(localized away from |W |). Then there are homotopy equivalences
Σ(G×NT T̂ q/(G/NT ))→ Σ(Ĥom(Zq, G))
for all q ≥ 1 as long as the order of the Weyl group has been inverted.
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These results can be used to directly work out the homology of Ĥom(Zn, G)
for all n, and thus Hom(Zn, G) as long as the order of the Weyl group has been
inverted.
The following theorem reduces a computation of the homology of Comm(G) to
standard methods, and is proven below.
Theorem 2.15. Let G be a simply-connected compact Lie group. Then the map
Θ : G×NT Assoc(T )→ Comm(G)
has homotopy theoretic fibre which is simply-connected, and has reduced homology
which is entirely torsion with orders dividing the order of the Weyl group W of G.
Finer stable decompositions of the space Comm(G) and Hom(Zn, G), as well
as further analysis of the combinatorics arising here in homology will appear in a
sequel to this paper.
Homological applications of the above decompositions are given next. Let Γ be
a discrete group and R[Γ] be the group ring of Γ over the commutative ring R. Let
M be a left R[Γ]-module. Recall that the module of coinvariants MΓ is the largest
quotient of M such that Γ acts trivially on that quotient. That is, MΓ = M/I,
where I is the group generated by γ ·m−m, for all γ ∈ Γ and m ∈M . Furthermore,
T[V ]
denotes the tensor algebra generated by the free R-module V . Throughout this
section R = Z[1/|W |].
Theorem 2.16. Let G be a compact, connected Lie group with maximal torus T
and Weyl group W . Then there is an isomorphism in homology
H∗(Comm(G)1G ;R)→ H∗(G/T ;R)⊗R[W ] T[V ]
where V is the reduced homology of the maximal torus T .
Let HU∗ and TU denote ungraded homology and the ungraded tensor algebra,
respectively. Then the following theorem holds.
Theorem 2.17. Let G be a compact and connected Lie group with maximal torus
T and Weyl group W . Then there is an isomorphism in ungraded homology
HU∗ (Comm(G)1;R)→ TU [V ]
where V is the reduced homology of the maximal torus T .
If G is a compact and connected Lie group such that every abelian subgroup of
G is in a maximal torus, then the following corollary holds.
Corollary 2.18. Let G be a compact and connected Lie group with maximal torus
T and Weyl group W such that every abelian subgroup of G is in a maximal torus.
Then there is an isomorphism in homology
H∗(Comm(G);R)→ H∗(G/T ;R)⊗R[W ] T[V ]
where V is the reduced homology of the maximal torus T .
Examples of this last corollary are given below for the cases of U(n), SU(n),
Sp(n), Spin(n), and the 5 exceptional compact simply-connected simple Lie groups
G2, F4, E6, E7, and E8 in Sections 10 and 11. The Poincare´ series for the ungraded
homology groups are also recorded in Sections 10 and 11.
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Let G be a compact, connected Lie group with maximal torus T and Weyl
group W . Let C denote the homology of G/T with real coefficients where Ci =
Hi(G/T ;R), and C∗ is defined by Ci = Hi(G/T ;R).
The Hilbert-Poincare´ series for the rational cohomology of Comm(G) is com-
puted as follows.
Consider the W -action on the exterior algebra E = ∧Rn = H∗(T ;R) as well
as the reduced exterior algebra E˜, namely, the reduced homology of T , given by⊕n
k=1 ∧kRn. Then W acts diagonally on the R-dual T∗[E˜] of the tensor tensor
algebra generated by E˜, the cohomology of J(T ). The group W acts diagonally on
the tensor product C∗⊗T∗[E˜] giving the action on the cohomology of G/T ×J(T ).
These modules are naturally trigraded by both homological degree as well as
tensor degree arising from the tensor algebra, and have a natural N3-trigrading as
follows. First, the homology of J(T ) is given by the direct sum
R⊕
∑
j=k1+···+km
kq>0
(∧k1Rn ⊗ · · · ⊗ ∧kmRn).
Then the sub-module of elements of tri-degree (i, j,m) in the homology of G/T ×
J(T ) for fixed m > 0 is given by the direct sum∑
j=k1+···+km
kq>0
(Ci ⊗ ∧k1Rn ⊗ · · · ⊗ ∧kmRn),
such that 1 ≤ q ≤ m, ∧kRn lies in homological degree k. To compute in cohomology,
the R-dual of ∧k1Rn ⊗ · · · ⊗ ∧kmRn lies in homological degree j = k1 + · · ·+ km of
T∗[E˜] as well as tensor degree m > 0. The special case with m = 0 is by convention
Ci ⊗ R ∼= Ci in tri-degree (i, 0, 0).
Definition 2.19. Consider the module
M(i,j,m) =
∑
j=k1+···+km
kq>0
(Ci ⊗ ∧k1Rn ⊗ · · · ⊗ ∧kmRn) for m > 0
together with
M(i,0,0) = Ci ⊗ R.
The diagonal action of W on the tensor product C∗⊗ T∗[E˜] over R respects this
N3-trigrading. The tri-graded Hilbert-Poincare´ series for the module of invariants
is defined by
Hilb
((
C∗ ⊗ T∗[E˜]
)W
, q, s, t
)
=
∑
i,m≥0
j=k1+···+km
dimR(M
W
(i,j,m))q
isjtm.
Let d1, . . . , dn be the fundamental degrees of W (which are defined either in the
Appendix or [15, §4.1]). Note that the degrees for algebra generators of polynomial
rings such as the cohomology ring of BT and their images in H∗(G/T ;R) are
given by doubling “the fundamental degrees of W” (d1, ...., dn) in the cited work
by Shephard and Todd et al. The “fundamental degrees of W” are doubled here in
order to correspond to the usual conventions for “topological gradings” associated
to the cohomology of the topological space BT .
The following result is proven in the Appendix.
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Theorem 2.20. If G is a compact, connected Lie group with maximal torus T ,
and Weyl group W , then
Hilb
((
C∗ ⊗ T∗[E˜]
)W
, q, s, t
)
=
∏n
i=1(1− q2di)
|W |
∑
w∈W
1
det(1− q2w) (1− t(det(1 + sw)− 1)) .
Example 2.21. The Hilbert-Poincare´ series for Comm(G) where G = U(2) is
worked out in two ways. One way is the formula given in Theorem 2.20. The
second way is by enumerating the representations of W which occur in C∗⊗T∗[E˜].
(1) The Weyl group W is Σ2 with elements 1, and w 6= 1.
(2) The homology of the space G/T = U(2)/T = S2 is R in degrees zero and
two, and is {0} otherwise.
(3) The degrees (d1, d2) in Theorem 2.20 are given by (d1, d2) = (1, 2).
(4) The sum in Theorem 2.20 runs over w and 1 ∈W .
Then the formula given in Theorem 2.20
Hilb
((
C∗ ⊗ T∗[E˜]
)W
, q, s, t
)
=
(1− q2)(1− q4)
2
(A1 +Aw),
where
A1 =
1
(1− q2)2(1− t[(1 + s)2 − 1])
and
Aw =
1
(1− q2)(1 + q2)(1− t[(1 + s)(1− s)− 1]) .
Thus
(1− q2)(1− q4)
2
(A1) =
1 + q2
2(1− t(s2 + 2s)) and
(1− q2)(1− q4)
2
(Aw) =
1− q2
2(1 + s2t)
.
The Hilbert-Poincare´ series is then given by
Hilb
((
C∗ ⊗ T∗[E˜]
)W
, q, s, t
)
=
1 + q2
2(1− t(s2 + 2s)) +
1− q2
2(1 + s2t)
.
From this information, it follows that the coefficient of tm, m > 0, is
1
2
[
(1 + q2)(s2 + 2s)m + (1− q2)(−s2)m]
=
∑
1≤j≤m
2j−1
(
m
j
)
s2m−j +
{
s2m if m is even, and
q2s2m if m is odd.
.
Keeping track of the representations of W , an exercise left to the reader, gives
an independent verification of the formula in Theorem 2.20 for this special case.
Theorem 2.14 states that if G is a compact, connected Lie group, then there are
homotopy equivalences
Σ(G×NT T̂m/(G/NT ))→ Σ(Ĥom(Zm, G))
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for all m ≥ 1 as long as the order of the Weyl group has been inverted (spaces are
localized away from |W |). The reduced, real cohomology of G ×NT T̂m/(G/T ) as
well as Ĥom(Zm, G)) is given by∑
j=k1+···+km
i≥0
(Ci ⊗ ∧k1Rn ⊗ · · · ⊗ ∧kmRn)W =
∑
j=k1+···+km
i≥0
M(i,j,m))
W .
By Theorem 2.10, there are homotopy equivalences∨
1≤j≤m
∨
(mj )
Σ(Ĥom(Zj , G))→ Σ(Hom(Zm, G)).
Corollary 2.22. Let G be a compact, connected Lie group as in Definition 2.19.
Then there are additive isomorphisms
H˜d(Hom(Zm, G);R)→
∑
1≤s≤m
∑
i+j=d
( ∑
j=k1+···+ks
i≥0
⊕(ms )(M(i,j,s))
W
)
.
Remark 3. The analogue of the Hilbert-Poincare´ series for H˜∗Hom(Zm, G) can
be given in terms of that for Comm(G).
Acknowledgment: The authors thank V. Reiner for including the appendix in
this paper along with his formula giving the Hilbert-Poincare´ series for Comm(G).
3. The James construction
In this section we give a quick exposition of some properties of the James con-
struction J(X), the free monoid generated by the space X with the base-point in
X acting as the identity as given in the next definition. The properties listed here
are well-known, and are stated for the convenience of the reader.
Definition 3.1. The James construction or James reduced producton X is the
space
J(X) :=
⊔
n≥0
Xn/ ∼,
where ∼ is the equivalence relation generated by (x1, . . . , xn) ∼ (x1, . . . , x̂i, . . . , xn)
if xi = ∗, with the convention that X0 is the base-point ∗.
One of the most important properties of J(X) is the existence of a map
θ : J(X)→ ΩΣ(X)
which is a homotopy equivalence in case X has the homotopy type of a path-
connected CW-complex [21]. The singular homology of J(X) is described next.
Recall the homology of J(X) for any path-connected space X of the homotopy
type of a CW-complex as follows. Let R be a commutative ring with 1. Assume
that homology is taken with coefficients in the ring R where the homology of X is
assumed to be R-free. Finally, let
W = H˜∗(X;R)
the reduced homology of X, and
T[W ]
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be the tensor algebra generated by W . Then the Bott-Samelson theorem gives an
isomorphism of algebras
T[W ]→ H∗(J(X);R).
Although their results give a more precise description of this isomorphism as Hopf
algebras, that additional information is not used here.
Furthermore, if X is of finite type, the Hilbert-Poincare´ series for H∗(X;R) is
defined in the usual way as
Hilb(X, t) =
∑
0≤n
dnt
n,
where dn is the rank of Hn(J(X);R) as an R-module (with the freeness assumptions
made above). Then the following formula holds:
Hilb(J(X), t) = 1/(1− (Hilb(X, t)− 1)) = 1/(2−Hilb(X, t)).
An example is described next where X is a finite product of circles.
Example 3.2. If
X = (S1)m,
then
Hilb(X, t) = (1 + t)m =
∑
0≤j≤m
(
m
j
)
tj ,
thus
Hilb(J(X), t) = 1/(2− (1 + t)m) = 1
1−∑1≤j≤m (mj )tj .
This procedure will be used to describe the ungraded homology groups of the
spaces Comm(G)1 for various choices of the group G.
4. Proof of Theorem 2.12
Begin by proving the following theorem where it will be tacitly assumed that all
spaces here are of the homotopy type of a connected CW-complex.
Theorem 4.1. Let Y be a G-space such that the projection Y −→ Y/G is a locally
trivial fibre bundle, and X a G-space with fixed base-point ∗. Then there is a
homotopy equivalence
Σ(Y ×G J(X)) ' Σ
(
Y/G ∨ (
∨
n≥1
(Y ×G X̂n)/(Y ×G ∗))
)
.
Theorem 2.12 will be an immediate corollary of Theorem 4.1. The proof of the
theorem is given below by a list of lemmas, see also [24]. The current proof is an
equivariant splitting.
Assume X and Y are G-CW complexes satisfying the conditions of Theorem 4.1.
Consider the map
H : J(X)→ J(
∨
1≤q<∞
X̂q)
given by
(x1, . . . , xn) 7→
∏
I⊂[n]
xI ,
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where xI = xi1 ∧ · · · ∧ xiq for I = (i1, . . . , iq) running over all admissible sequences
in [n], i.e. all sequences of the form (i1 < · · · < iq), with xI having the left
lexicographic order.
Next filter by defining
FNJ(
∨
1≤q<∞
X̂q)
to be the image of
J(
∨
1≤q≤N
X̂q).
There is also a filtration of J(X) given by
∗ = J0(X) ⊂ J1(X) ⊂ J2(X) ⊂ · · · ⊂ Jq(X) ⊂ · · · ⊂ J(X),
where Jq(X) is the image of
⊔
1≤i≤qX
i/ ∼ in J(X).
The next lemmas follow by inspection.
Lemma 4.2. If X has a base-point, then the map
H : J(X)→ J(
∨
1≤q<∞
X̂q)
restricts to a map
H : JN (X)→ FNJ(
∨
1≤q<∞
X̂q) = J(
∨
1≤q≤N
X̂q),
and preserves filtrations. Furthermore, the map H : JN (X) → J(
∨
1≤q≤N X̂
q) is
G-equivariant.
Lemma 4.3. Let X be a pointed space where the group G acts on the space Y as
well as on X fixing the base-point of X. Then there is a map
Ĥ : Y × J(X)→ J(
∨
1≤q<∞
(Y × X̂q))
defined by
Ĥ(y; (x1, · · · , xq)) =
∏
1≤i1<···<it≤q
(i, (xi1 , xi2 , · · · , xit)).
Furthermore, there is an induced map
Y ×G JN (X)/Y ×G ∗ −−−−→ J(
∨
1≤q≤N (Y ×G X̂q/Y ×G ∗))
together with a strictly commutative diagram
Y ×G JN−1(X)/Y ×G ∗ −−−−→ J(
∨
1≤q≤N−1(Y ×G X̂q/Y ×G ∗))y yJ(inclusion)
Y ×G JN (X)/Y ×G ∗ −−−−→ J(
∨
1≤q≤N (Y ×G X̂q/Y ×G ∗))y yJ(projection)
Y ×G (X̂N )/Y ×G ∗ 1−−−−→ (Y ×G X̂N/Y ×G ∗).
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Observe that passage to adjoints gives a commutative diagram as follows:
Σ(Y ×G JN−1(X)/Y ×G ∗) −−−−→ Σ(
∨
1≤q≤N−1(Y ×G X̂q/Y ×G ∗))y yΣ(inclusion)
Σ(Y ×G JN (X)/Y ×G ∗) −−−−→ Σ(
∨
1≤q≤N (Y ×G X̂q/Y ×G ∗))y yΣ(projection)
Σ(Y ×G (X̂N )/Y ×G ∗) 1−−−−→ Σ(Y ×G X̂N/Y ×G ∗).
The top horizontal arrow is an equivalence for N − 1 = 0 by hypothesis, and in
general by the evident inductive hypothesis. The bottom arrow is an equivalence
by inspection. Furthermore, the columns give a morphism of cofibration sequences
by hypothesis. Thus, the middle arrow is an equivalence assuming that all spaces
are of the homotopy type of a CW-complex.
Let G be a compact and connected Lie group with maximal torus T . Consider
the quotient space G×NT J(T ), where NT acts diagonally on the product G×J(T ).
Then the following are immediate corollaries of Theorem 4.1. Note that Theorem
2.12 is the following corollary.
Corollary 4.4. Let G be a compact and connected Lie group with maximal torus
T , and NT acting on T by conjugation and on G by group multiplication. There is
a homotopy equivalence
Σ(G×NT J(T )) ' Σ(G/NT ∨ (
∨
n≥1
G×NT T̂n/G×NT {1})).
Corollary 4.5. With the same assumptions of Corollary 4.4, there is a homotopy
equivalence
Σ(G×NT J(T )/(G× {1})) ' Σ(G/NT ∨ (
∨
n≥1
G×NT T̂n/G×NT {1}))/(G× {1}).
5. Proof of Theorem 2.13
The space Comm(G) is a special case of a more general construction on G. Let
Fn be a free group on n letters. Consider the descending central series of Fn denoted
· · · ⊆ Γq(Fn) ⊆ · · · ⊆ Γ3(Fn) ⊆ Γ2(Fn) ⊆ Fn.
Then Zn = Fn/Γ2(Fn) = Fn/[Fn, Fn]. Consider the quotients Fn/Γq(Fn). There
are spaces of homomorphisms Hom(Fn/Γ
q(Fn), G) which can be realized as sub-
spaces of Gn by identifying f ∈ Hom(Fn/Γq(Fn), G) with (g1, . . . , gn) ∈ Gn, where
f(xi) = gi and x1, . . . , xn are the generators of Fn/Γ
q(Fn). The following def-
inition extends the definition of Comm(G) to include spaces of homomorphisms
Hom(Fn/Γ
q(Fn), G).
Definition 5.1. Define spaces X(q,G) ⊂ Assoc(G) for q ≥ 2 as follows
X(q,G) :=
⊔
n≥1
Hom(Fn/Γ
q(Fn), G)/∼
where ∼ is the equivalence relation defined by
(x1, . . . , xn) ∼ (x1, . . . , xi−1, x̂i, xi+1, . . . , xn) if xi = ∗,
16 FREDERICK R. COHEN AND MENTOR STAFA
as in Definition 2.1. Note the space X(q,G) coincides with Comm(q,G) in Defini-
tion 2.1.
The inclusions Hom(Fn/Γ
q, G) ↪→ Hom(Fn/Γq+1, G) obtained by precomposi-
tion of maps, induce inclusions X(q,G) ⊂ X(q + 1, G) for all q ≥ 2. Hence, there
is a filtration of Assoc(G) by the spaces X(q,G)
Comm(G) = X(2, G) ⊂ X(3, G) ⊂ · · · ⊂ X(q,G) ⊂ · · · ⊂ J(G) = Assoc(G).
The space X(q,G) stably splits if suspended once.
Theorem 5.2. Let G be a compact and connected Lie group. There are homotopy
equivalences
ΣComm(G) ' Σ
∨
n≥1
Ĥom(Zn, G),
and the spaces X(q,G)
ΣX(q,G) ' Σ
∨
n≥1
Ĥom(Fn/Γ
q(Fn), G).
Proof. Let q ≥ 2. Define a filtration of X(q,G) as follows
F1X(q,G) ⊆ F2X(q,G) ⊆ · · · ⊆ FnX(q,G) ⊆ Fn+1X(q,G) ⊆ · · · ,
where by definition FnX(q,G) is the image of⋃
1≤t≤n
Hom(Ft/Γ
q(Ft), G)
in X(q,G). Notice that in the special case of q = 2, Zn = Fn/Γ2(Fn).
Hence, FnX(q,G) is the space of words of length at most n, such that the letters
of the words are in Hom(Fn/Γ
q(Fn), G) (or Zn in case q = 2).
In case q = 2, it follows that the quotient of two consecutive stages of the
filtration is
Fq+1X(2, G)/FqX(2, G) ' Hom(Zq+1, G)/S(Hom(Zq+1, G)) =: Ĥom(Zq+1, G).
In case q > 2, it was verified in [2] that the inclusions
Hom(Fn−1/Γq(Fn−1), G)→ Hom(Fn/Γq(Fn), G)
are closed cofibrations. By the above remarks, these inclusions are split. Thus there
are cofibration sequences
Hom(Fn−1/Γq(Fn−1), G) ↪→ Hom(Fn/Γq(Fn), G)→ C,
where C is the cofiber Hom(Fn/Γ
q(Fn), G)/Hom(Fn−1/Γq(Fn−1), G), and the se-
quences are split via the natural projection map
pn : Hom(Fn/Γ
q(Fn), G)→ Hom(Fn−1/Γq(Fn−1), G)
which deletes the n-th coordinate.
Notice that Assoc(G) = J(G) splits after one suspension as
Σ
∨
1≤n<∞
Ĝn.
The splitting of X(q,G) is induced by inspection. It follows that X(q,G) splits as
stated. 
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If G is a closed subgroup of GLn(C), then A. Adem and F. Cohen [2] show that
there is a homotopy equivalence
Σ(Hom(Zn, G)) '
∨
1≤k≤n
Σ
( (nk)∨
Hom(Zk, G)/S(Hom(Zk, G))
)
.
Therefore, for these Lie groups, it is possible to obtain all the stable summands of
Hom(Zn, G) from the stable summands of Comm(G).
6. Proof of Theorems 2.14 & 2.15
Let G be a compact and connected Lie group. Let Hom(Zn, G)1G denote the
connected component of the trivial representation 1 = (1, . . . , 1) in Hom(Zn, G).
Since Tn consists of commuting n-tuples, is path-connected, and contains 1, it
is a subspace of Hom(Zn, G)1 ⊆ Gn. In addition, G acts on the space Tn by
coordinatewise conjugation
θn : G× Tn → Hom(Zn, G)1G
g × (t1, . . . , tn) 7→ (tg1, . . . , tgn),
where tg = gtg−1. An n-tuple (h1, . . . , hn) of elements of G is in Hom(Zn, G)1G if
and only if there is a maximal torus such that all hi are in that torus. Since all
maximal tori in G are conjugate (see [1]), it follows that the map θn is surjective.
The maximal torus T acts diagonally on the product G× Tn
t · (g, t1, . . . , tn) = (gt, t−1t1t, . . . , t−1tnt) = (gt, t1, . . . , tn).
Hence, T acts trivially on itself. Thus the map θn factors through (G × Tn)/T =
G×T Tn. Thus there is a surjection
θ¯n : G/T × Tn → Hom(Zn, G)1.
Moreover, the Weyl group W of G acts diagonally on G/T × Tn by
w · (gT, t1, . . . , tn) = (gwT,w−1t1w, . . . , w−1tnw),
where gT is a coset in G/T . It follows that the map θˆn is W -invariant since
(gw,w−1t1w, . . . , w−1tnw) = ((gw)w−1t1w(gw)−1, . . . , (gw)w−1tnw(gw)−1)
= (gt1g
−1, . . . , gtng−1).
Therefore, the map θ¯n factors through G×NT Tn and so there are surjections
θˆn : G/T ×W Tn → Hom(Zn, G)1G
for all n.
In what follows let R = Z [1/|W |] denote the ring of integers with the order of
the Weyl group of G inverted.
Lemma 6.1. If G is a compact and connected Lie group with maximal torus T and
Weyl group W , then H∗((θˆn)−1(g1, . . . , gn);R) is isomorphic to the homology of a
point H∗(pt,R).
Proof. See [9, Lemma 3.2] for a proof. Note that Q suffices for the ring of coeffi-
cients, but so does R. 
The following theorem is recorded to prove the next result. See [9] for a proof.
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Theorem 6.2 (Vietoris & Begle). Let h : X −→ Y be a closed surjection, where
X is a paracompact Hausdorff space. Suppose that for all y ∈ Y , H∗(h−1(y), R) =
H∗(pt,R). Then the induced maps in homology h∗ : H∗(X,R) −→ H∗(Y,R) are
isomorphisms.
Let Comm(G)1G be the connected component of the trivial representation, see
Definition 2.4.
Theorem 6.3. Let G be a compact and connected Lie group with maximal torus T
and Weyl group W . Then there is an induced map
Θ : G×NT J(T )→ Comm(G)1G
together with a commutative diagram for all n ≥ 0 given as follows:
G× Tm θm−−−−→ Hom(Zm, G)1Gy y
G×NT J(T ) Θ−−−−→ Comm(G)1G .
Furthermore, Θ is a surjection and the homotopy theoretic fibre of this map
Θ : G ×NT J(T ) → Comm(G) has reduced singular homology, which is entirely
torsion of an order which divides the order of the Weyl group.
Proof. There is an induced map
Θ : G/T ×W J(T )→ Comm(G)1G ,
which is a surjection. Define Jn(T ) to be the n-th stage of the James construction
defined by the image of ⊔
0≤q≤n
Tn
as a subspace of J(T ) with
J(T ) = colim Jn(T )
for path-connected CW-complexes T . Next define Commn(G) to be the image of⊔
0≤q≤n
Hom(Zq, G)
as a subspace of Comm(G) with
Comm(G) = colimCommn(G).
Then Θ restricts to maps
Θ : G/T ×W Jn(T )→ Commn(G)
for all integers n ≥ 1.
Now consider the surjections
θˆn : G/T ×W Tn → Hom(Zn, G)1G
which induce homology isomorphisms if |W | is inverted. These maps restrict to
surjections
θˆn : G/T ×W Sn(T )→ Sn(G)
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which similarly induce homology isomorphisms, where Sn(T ) is the set of all n-
tuples in Tn with at least one element the identity 1G. Note that S(Hom(Zn, T )) =
Sn(T ).
Moreover, the inclusions
G/T ×W Sn(T ) ⊂ G/T ×W Tn
and
Sn(G) ⊂ Hom(Zn, G)1G
are cofibrations with cofibers G/T×W T̂n/(G/NT ) and Ĥom(Zn, G)1G , respectively.
Equivalently, there is a commutative diagram of cofibrations
G/T ×W Sn(T ) i−−−−→ G/T ×W Tn −−−−→ G/T ×W T̂n/(G/NT )yθˆn yθˆn y
Sn(G)
Θ−−−−→ Hom(Zn, G)1G −−−−→ Ĥom(Zn, G)1G .
The five lemma applied to the long exact sequences in homology for the cofibra-
tions shows that the maps
G/T ×W T̂n/(G/NT )→ Ĥom(Zn, G)1G
induce isomorphisms in homology with the same coefficients. Note that from the
stable decompositions in Theorems 2.12 and 2.13, it follows that the cofibers above
are the stable summands of the spaces G/T×W J(T ) and Comm(G)1G , respectively.
The map
Θ : G/T ×W J(T )→ Comm(G)1G
induces a map on the level of stable decompositions which is a homology isomor-
phism in each summand. Therefore, Θ induces a homology isomorphism with co-
efficients in Z[1/|W |]. 
Note that this also proves Theorem 2.14.
7. Proof of Theorem 2.16
Let G be a compact and connected Lie group and R be the ring Z [1/|W |]. Using
Lemma 6.1 and Theorems 6.2 and 6.3, the following theorem holds.
Theorem 7.1. Let G be a compact and connected Lie group with maximal torus T
and Weyl group W . Then there is an isomorphism in homology
H∗(G×NT J(T );R) ∼= H∗(Comm(G)1;R).
Theorem 7.2. Let G be a compact and connected Lie group with maximal torus T
and Weyl group W . Then there is an isomorphism in homology
H∗(Comm(G)1;R) ∼=
(
H∗(G/T ;R)⊗R T[V ]
)
W
.
Proof. There is a short exact sequence of groups
1→ T → NT →W → 1
and associated to it, there is a fibration sequence(
G× J(T ))/T → (G× J(T ))/NT → BW,
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which is equivalent to the fibration
G×T J(T ) −→ G×NT J(T ) −→ BW.
The Leray spectral sequence has second page given by the groups
E2p,q = Hp(BW ;Hq(G×T J(T );R))
which converges toHp+q(G×NT J(T );R). Since |W |−1 ∈ R, it follows that E2s>0,t =
0 and the groups on the vertical axis are given by
E20,t = H0
(
BW ;Ht(G×T J(T );R)
)
.
Recall that homology in degree 0 is given by the coinvariants
H0
(
BW ;Ht(G×T J(T );R)
)
=
(
Ht(G×T J(T );R)
)
W
.
Also T acts by conjugation and thus trivially on Tn, so it acts trivially on J(T ).
Hence, G×T J(T ) = G/T × J(T ).
The flag variety G/T has torsion free integer homology, see [13], and so does
J(T ). So the homology of G/T × J(T ) with coefficients in R is given by the
following tensor product
Ht(G×T J(T );R) =
⊕
i+j=t
[
Hi(G/T ;R)⊗R Hj(J(T );R)
]
.
The spectral sequence collapses at the E2 term as stated above. Hence,
H0(BW ;Ht(G×T J(T );R)) ∼=
( ⊕
i+j=t
[
Hi(G/T ;R)⊗R Hj(J(T );R)
])
W
.
Using Theorem 7.1, it follows that
H∗(Comm(G)1;R) ∼= H∗(G×NT J(T );R) =
(
H∗(G/T ;R)⊗R H∗(J(T );R)
)
W
.
Recall that the homology of J(T ) is the tensor algebra on the reduced homology of
T . Let T[V ] denote the tensor algebra on the reduced homology of T , denoted by
V . Then there is an isomorphism
H∗(Comm(G)1;R) =
(
H∗(G/T ;R)⊗R T[V ]
)
W
.

If G has the property that every abelian subgroup is contained in a path-
connected abelian subgroup, then Hom(Zn, G) is path-connected, see [2]. Some
of these groups include U(n), SU(n) and Sp(n). In this case Comm(G) is also
path-connected and it follows that Comm(G)1 = Comm(G).
Corollary 7.3. Let G be a compact, connected Lie group with maximal torus T and
Weyl group W , such that every abelian subgroup is contained in a path-connected
abelian subgroup. Then there is an isomorphism in homology
H∗(Comm(G);R) ∼=
(
H∗(G/T ;R)⊗R T[V ]
)
W
.
To find the homology groups of Comm(G)1 explicitly, it is necessary to find the
coinvariants (
H∗(G/T ;R)⊗R T[V ]
)
W
.
This leads the subject to representation theory. Note that Theorem 7.2 can also
be used to study the cases of the compact and connected simple exceptional Lie
groups G2, F4, E6, E7 and E8.
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8. Proof of Theorem 2.17
Let HU∗ denote ungraded homology and TU [V ] denote the ungraded tensor alge-
bra over V , where V is the reduced homology of T with coefficients in R.
The homology H∗(G/T ;R), if considered ungraded, is isomorphic as an R[W ]-
module to the group ring of W , namely R[W ]. This fact was proven in [9, Propo-
sition B.1], thus ignoring the grading of the homology H∗(G/T ;R) in the proof of
Theorem 7.2, as a W -module the homology is isomorphic to R[W ]. Furthermore,
as an ungraded module, there is an isomorphism
H∗(G/T )⊗R[W ] T[V ]→ T[V ].
The next theorem follows.
Theorem 8.1. Let G be a compact, connected Lie group with maximal torus T and
Weyl group W . Then there is an isomorphism in ungraded homology
HU∗ (Comm(G)1;R) ∼= TU [V ].
Proof. From Theorem 7.2 there is an isomorphism in homology given by
H∗(Comm(G)1;R) ∼=
(
H∗(G/T ;R)⊗R T[V ]
)
W
.
If all homology is ungraded, then there are isomorphisms in ungraded homology
given by
HU∗ (Comm(G)1;R) ∼=
(
R[W ]⊗R TU [V ]
)
W
∼= R[W ]⊗R[W ] TU [V ] ∼= TU [V ].

This shows that as an abelian group, without the grading, the homology of
Comm(G)1 with coefficients in R is the ungraded tensor algebra TU [V ]. The fol-
lowing is an immediate corollary of Theorem 8.1.
Corollary 8.2. Let G be a compact, connected Lie group with maximal torus T and
Weyl group W , such that every abelian subgroup is contained in a path-connected
abelian subgroup. Then there is an isomorphism in ungraded homology
HU∗ (Comm(G);R) ∼= TU [V ].
9. An example given by SO(3)
Consider the special orthogonal group SO(3). The connected components of the
space Comm(SO(3)) are given next. D. Sjerve and E. Torres-Giese [27] showed that
the space Hom(Zn, SO(3)) has the following decomposition into path components
Hom(Zn, SO(3)) ≈ Hom(Zn, SO(3))1
⊔(⊔
Nn
S3/Q8
)
,
where Q8 is the group of quaternions acting on the 3-sphere. Nn is a finite positive
integer depending on n and equals 16 (4
n + 3 · 2n + 2) if n is even, and 23 (4n−1 −
1)− 2n−1 + 1 otherwise. By definition it follows that
Comm(SO(3)) =
( ⊔
n≥1
[
Hom(Zn, SO(3))1
⊔(⊔
Nn
S3/Q8
)])
/ ∼,
where ∼ is the relation in Definition 2.1.
An n-tuple (M1, . . . ,Mn) is in the connected component Hom(Zn, SO(3))1 if
and only if all the matrices M1, . . . ,Mn are rotations about the same axis. The
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n-tuple is in one of the components homeomorphic to S3/Q8 if and only if there
are two matrices Mi and Mj that are rotations about orthogonal axes such that
the other coordinates are equal to one of Mi, Mj , MiMj or 1G, see [27]. For
any positive integer n there is at least one n-tuple not in Hom(Zn, SO(3))1 with
no coordinate the identity. Therefore, in the identifications above the number of
copies of S3/Q8 increases with n and there are infinitely many copies of S
3/Q8 as
connected components of Comm(SO(3)). So it follows that Comm(SO(3)) has the
following path components
Comm(SO(3)) = Comm(SO(3))1
⊔(⊔
∞
S3/Q8
)
.
See [28] for more details. Note that Theorem 2.20 gives information about the ratio-
nal cohomology as well as the integral cohomology with 2 inverted of Comm(SO(3))1.
10. The cases of U(n), SU(n), Sp(n), and Spin(n)
Recall the map of spaces
Θ : G×NT J(T )→ Comm(G)1,
which induces a map in singular homology which is an isomorphism under the
conditions that G is compact, simply-connected, and the order of the Weyl group
W for a maximal torus T has been inverted in the coefficient ring (Theorem 7.2).
The purpose of this section is to describe the ungraded homology of Comm(G) for
G one of the groups U(n), SU(n), Sp(n), and Spin(n).
A maximal torus for U(n) is of rank n given by
T = (S1)n.
Thus the ungraded homology of Comm(U(n)) has Poincare´ series
Hilb(Comm(U(n)), t) = 1/(2− (1 + t)n).
The analogous result for SU(n) follows, that is, the Poincare´ series is given by
Hilb(Comm(SU(n)), t) = 1/(2− (1 + t)n−1).
These series give the ungraded homology of Comm(G) for G = U(n) and SU(n),
respectively.
The case of Sp(n) is analogous as a maximal torus is of rank n, so the Poincare´
series for the ungraded homology of Comm(Sp(n)) with n! inverted is
Hilb(Comm(Sp(n)), t) = 1/(2− (1 + t)n).
The cases of SO(n) and Spin(n) breaks down classically into two cases as ex-
pected with n = 2a or n = 2b+ 1.
First, the case of
n = 2b+ 1.
The rank of a maximal torus (finite product of circles) is b. Thus the Poincare´ series
for the ungraded homology of Comm(Spin(2b+ 1), t) with n! = (2b+ 1)! inverted
is
Hilb(Comm(Spin(2b+ 1)), t) = 1/(2− (1 + t)b).
Second, the case of
n = 2a.
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The rank of a maximal torus (finite product of circles) is a. Thus the Poincare´
series for the ungraded homology of Comm(Spin(2a), t) with n! = (2a)! inverted is
Hilb(Comm(Spin(2a)), t) = 1/(2− (1 + t)a).
11. Results for G2, F4, E6, E7 and E8
In this section applications of earlier results concerning Comm(G) are applied to
the classical exceptional, simply-connected, simple compact Lie groups G2, F4, E6,
E7 and E8. In particular, the ungraded homology of Comm(G) is given in these
cases.
Recall the map
Θ : G×NT J(T )→ Comm(G).
In the special cases of this section, if the rank of the maximal torus is r, then a
choice of maximal torus will be denoted
Tr.
Thus the following is classical, see [16]. The first explicit determination of the
Poincare´ polynomials of the exceptional simple Lie groups has been accomplished
by Yen Chih-Ta [17].
(1) If G = G2, then r = 2, the Weyl group W is the dihedral group of order
12, and the cohomology with 6 inverted is an exterior algebra on classes in
degrees 3, and 11,
(2) If G = F4, then r = 4, the Weyl group W is the dihedral group of order
27 × 32 = 1, 152, and and the cohomology with 6 inverted is an exterior
algebra on classes in degrees 3, 11, 15, 23.
(3) If G = E6, then r = 6, the Weyl group W is O(6,F2) of order 51, 840,
and and the cohomology with 6 inverted is an exterior algebra on classes
in degrees 3, 9, 11, 15, 17, 23.
(4) If G = E7, then r = 7, the Weyl group W is O(7,F2) × Z/2 of order
2, 903, 040, and and the cohomology with 2 · 3 · 5 · 7 inverted is an exterior
algebra on classes in degrees 3, 11, 15, 19, 23, 27, 35.
(5) If G = E8, then r = 8, the Weyl group W is a double cover of O(8,F2) of
order (214)(35)(52)(7), and the cohomology with 2 · 3 · 5 · 7 inverted is an
exterior algebra on classes in degrees 3, 15, 23, 27, 35, 39, 47, 59, and 11,
Finally, recall Theorem 8.1 restated as follows whereHU∗ (X;R) denotes ungraded
homology.
Theorem 11.1. Let G be one of the exceptional Lie groups G2, F4, E6, E7, E8 with
maximal torus T and Weyl group W . Then there is an isomorphism in ungraded
homology
HU∗ (Comm(G);R) ∼= TU [V ].
One consequence is that if homology groups are regarded as ungraded, then the
copies of the group ring can be canceled, and this gives the ungraded homology
of Comm(G) in the cases of these exceptional Lie groups, which are recorded as
follows.
Corollary 11.2. Let G be one of G2, F4, E6, E7, E8. The ungraded homology of
the space Comm(G)1 in these cases with coefficients in Z[1/|W |], where |W | is the
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order of the Weyl group, is given as follows: The ungraded homology is isomorphic
to
T[H˜∗(T )]
where T is a maximal torus. For each of the groups, the Hilbert-Poincare´ series is
given as follows
(1) If G = G2, then the ungraded homology of Comm(G)1 is the tensor algebra
T[H˜∗((S1)2)], and has Hilbert-Poincare´ series
1/(1− 2t− t2).
(2) If G = F4, then the ungraded homology of Comm(G)1 is the tensor algebra
T[H˜∗((S1)4)], and has Hilbert-Poincare´ series
1/(2− (1 + t)4).
(3) If G = E6, then the ungraded homology of Comm(G)1 is the tensor algebra
T[H˜∗((S1)6)], and has Hilbert-Poincare´ series
1/(2− (1 + t)6).
(4) If G = E7, then the ungraded homology of Comm(G)1 is the tensor algebra
T[H˜∗((S1)7)], and has Hilbert-Poincare´ series
1/(2− (1 + t)7).
(5) If G = E8, then the ungraded homology of Comm(G)1 is the tensor algebra
T[H˜∗((S1)8)], and has Hilbert-Poincare´ series
1/(2− (1 + t)8).
Appendix A. Proof of Theorem 2.20
V. Reiner
Let W be a finite subgroup of GLn(R) generated by reflections acting on Rn.
Then W also acts in a grade-preserving fashion on the polynomial algebra
R = R[x1, . . . , xn],
where x1, . . . , xn are a basis for the dual space (Rn)∗. The theorem of Shephard-
Todd and Chevalley [15, §4.1] asserts that the subalgebra of W -invariant polyno-
mials is again a polynomial algebra
RW = R[f1, . . . , fn].
One can choose the f1, . . . , fn homogeneous, say with degrees d1, . . . , dn. For
example, when W is the symmetric group Sn permuting coordinates in Rn, one
can choose fi = ei(x1, . . . , xn) the elementary symmetric functions, and one has
(d1, . . . , dn) = (1, 2, . . . , n).
The usual grading conventions for the cohomology of a topological space requires
that all degrees dj be doubled in the formulas here. For example, in the case of
G = U(n) with W given by the symmetric group on n-letters, the value dj = j,
but the homological degree of the j-th Chern class is degree 2j.
Then RW has the following N-graded Hilbert series in the variable q:
(1) Hilb(RW , q) :=
∞∑
i=0
dimR(R
W
i ) q
i =
n∏
j=1
1
1− q2dj .
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The coinvariant algebra is the quotient ring
C := R/(f1, . . . , fn) = R/(R
W
+ ),
which also carries a grade-preserving W -action.
In addition, we consider the W -action on the exterior algebra E = ∧Rn, the
reduced exterior algebra E˜ :=
⊕n
k=1 ∧kRn, and on the R-dual T∗[E˜] of the tensor
algebra over R on E˜. These will have their own separate N2-bi-grading so that the
R-dual of ∧kRn lies in bidegree (k, 1), and the R-dual of ∧k1Rn ⊗ · · · ⊗ ∧kmRn lies
in the bidegree (k1 + · · ·+ km,m) of T∗[E˜]. Thus the diagonal action of W on the
tensor product C ⊗ T∗[E˜] over R respects an N3-tri-grading. Its W -fixed space has
trigraded Hilbert series defined by
Hilb
((
C ⊗ T∗[E˜]
)W
, q, s, t
)
:=
∞∑
i,m=0
∑
(k1,...,km)
in {1,2,...}m
dimR
(
Ci ⊗ (∧k1Rn ⊗ · · · ⊗ ∧kmRn)∗)W qisk1+···+kmtm.
In the next theorem, the exponent in q2i is doubled as these degrees correspond
to the topological degrees in the invariant algebra.
Theorem A.1. If G is a compact, connected Lie group with maximal torus T , and
Weyl group W , then
Hilb
((
C∗ ⊗ T∗[E˜]
)W
, q, s, t
)
=
∏n
i=1(1− q2di)
|W |
∑
w∈W
1
det(1− q2w) (1− t(det(1 + sw)− 1)) .
Proof. For any (ungraded) finite-dimensional W -representation X over R, one has
an isomorphism [15, (4.5)] of N-graded R-vector spaces
(2) (R⊗X)W ∼= RW ⊗ (C∗ ⊗X)W .
If the W -action respects an additional N2-grading on X = ⊕(j,m)Xj,m, separate
from the N-grading on R, then (2) becomes an isomorphism of N3-trigraded R-
vector spaces. Consequently, one has
(3)
Hilb
(
(C∗ ⊗X)W , q, s, t
)
=
Hilb
(
(R⊗X)W , q, s, t
)
Hilb(RW , q)
=
n∏
i=1
(1− q2di) ·Hilb
(
((R⊗X)W , q, s, t
)
using (1) for the last equality.
Next note that
(4)
Hilb
(
(R⊗X)W , q, s, t
)
=
∞∑
i,j,m=0
dimR (Ri ⊗Xj,m)W qisjtm
=
1
|W |
∑
w∈W
∞∑
i,j,m=0
Trace
(
w|Ri⊗Xj,m
)
qisjtm
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as pi : v 7−→ 1/|W |∑w∈W w(v) is an idempotent projection onto the W -fixed
subspace VW of any W -representation V , so the trace of pi is dimR(VW ). Taking
X = T∗[E˜] in (3) and (4), the theorem follows from this claim: for any w in W ,
(5)
∞∑
i,j,m=0
Trace
(
w|Ri⊗T∗[E˜]j,m
)
qisjtm =
1
det(1− q2w) (1− t(det(1 + sw)− 1))
To prove the claim (5), start with the facts [15, Example 3.25] that
∞∑
i=0
Trace (w|Ri) qi =
1
det(1− q2w−1) =
1
det(1− q2w) ,(6)
n∑
j=0
Trace (w|∧jRn) sj = det(1 + sw) = det(1 + sw−1).(7)
The rightmost equalities in (6),(7) arise because w acts orthogonally on Rn, forcing
w,w−1 to have the same eigenvalues with multiplicities, From (7) one deduces that
n∑
j=1
Trace (w|∧jRn) sj = det(1 + sw)− 1.
Since (the dual of) ∧jRn lies in the bidegree T∗[E˜]j,1, this implies
(8)
∞∑
j,m=0
Trace
(
w|
T∗[E˜]j,m
)
sjtm =
1
1− t (det(1 + sw−1)− 1)
=
1
1− t (det(1 + sw)− 1) .
Consequently the claim (5) follows from (6) and (8), since graded traces are multi-
plicative on graded tensor products. This completes the proof. 
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